The Lorentz-force-driven global torsional nodeless vibrations of the neutron star model with Ferraro's form of axisymmetric nonhomogeneous poloidal internal and dipolar external magnetic field are investigated. Making use of the energy variational method of magneto-solid-mechanical theory of perfectly conducting elastic medium threaded by magnetic field, the one-parametric spectral formula for the frequency of this toroidal Alfvén vibrational mode is obtained and compared with the frequency spectrum of such a mode in the neutron star with homogeneous internal and dipolar external magnetic field that has early been analytically derived in similar manner. The relevance of considered asteroseismic model to quasi-periodic oscillations discovered in the X-ray flux during the giant flare of SGR 1806-20 and SGR 1900+14 and interpreted as being produced by torsional seismic vibrations about magnetic axis of underlying magnetar is discussed.
Introduction
In recent works (Bastrukov et al 2007 (Bastrukov et al , 2008 (Bastrukov et al , 2009a (Bastrukov et al , 2009b , several scenarios of the post-quake vibrational relaxation of a neutron star by nodeless torsional seismic vibrations about its dipole magnetic-moment axis have been investigated in the light of discovery of quasi-periodic oscillations (QPOs) in the X-ray luminosity during the giant flare of SGR 1806-20 and SGR 1900+14 that have been attributed to post-quake axisymmetric torsional vibrations of underlying magnetars (Israel et al 2005 , Watts & Strohmayer 2006 . In particular, motivated by this conjecture and investigating stability of neutron star to its intrinsic deformations of the differential rotational shear about axis of ultra strong magnetic field, which is regarded as the main energy source and promoter of seismic and electromagnetic activity of magnetars (e.g., Woods & Thompson 2006 , Mereghetti 2008 , in works (Bastrukov et al 2009a (Bastrukov et al , 2009b ) the asteroseismic model of neutron star with uniform internal magnetic field B r = B cos θ, B θ = −B sin θ, B φ = 0
has been been investigated in some details on the basis of equation of magneto-solid-mechanics
describing the Lorentz-force driven vibrations of the star, both global and entrapped in the finite-depth crust. In these studies, emphasis was laid on the regime of nodeless torsional vibrations. The global torsional vibrations, which are of particular interest for the present work, are described by the node-free toroidal field of material displacements of the the form (Bastrukov et al 2007b) u(r, t) = [φ(r) × r] α(t), α(t) = α 0 cos ωt,
δv(r, t) =u(r, t) = [ω(r, t) × r], ω(r, t) = φ(r)α(t),
φ(r) = ∇χ(r), ∇ 2 χ(r) = 0, χ(r) = A ℓ r ℓ P ℓ (cos θ).
The frequency spectrum of this vibrational mode reads
where M is the mass, R the radius of the star of uniform density ρ and v A is the velocity of Alfvén wave in the bulk of neutron star matter. The numerical estimates of periods P ( 0 a t ℓ ) = 2π/ω( 0 a t ℓ ) of global both toroidal and poloidal Alvén vibrations of pulsars and magnetars computed in these works are found to be much smaller compared to the decay times of fossil magnetic field (e.g. Goldreich and Reisenegger 1992) , so that adopted approximation of an infinite electrical conductivity is amply justified. Having observed that this one-parametric spectral formula for the frequency does not properly match the data on the QPOs frequencies during the flare of SGR 1806-20 and SGR 1900+14, in work (Bastrukov et al 2009b) focus was laid on the model of nodeless torsional Alfvén oscillations entrapped in the finite-depth crust and it was found that computed in this model two-parametric frequency spectral formula for the frequency provides fairly accurate account of detected QPOs.
For our present discussion it is appropriate to note that over the past half a century, the eigenfrequency problem of non-radial torsion Alfvén oscillations of a star in its own magnetic field has been the subject of numerous investigations. For the first time, to the best of our knowledge, this problem has been tackled, too on the basis of equation (2) and for the star model with uniform internal magnetic field (1), by Plumpton and Ferraro (1955) , but making use of substantially different line of argument regarding computation of frequency. Unlike the above outlined regime of axisymmetric large-lengthscale substantially nodeless torsional Alfvén oscillations in the star, in work of Jensen (1955) , the standing-wave regime of asymmetric oscillations has been investigated in details.
As is well-known today that star model with homogeneous magnetic field has come into focus in the astrophysics after outstanding work of Chandrasekhar and Fermi (1953) in which the effect of mechanical flattening of the star by magnetic field has been disclosed. Following similar line of argument in a salient paper of Ferraro (1954) analogous conclusion has been drawn for a star model with pure poloidal but substantially nonhomogeneous internal magnetic field of the form
where by B is understood the magnetic field at the poles: B = B p . The meridian cross section of such a star is sketched in Fig.1 . Since then, different aspects, both mathematical and astrophysical, of Ferraro's model have been the subject of extensive investigations by many authors (e.g. Chandrasekhar & Prendergast 1955 , Robetrs 1955 , Chandrasekhar 1956 , Mestel 1956 , Monaghan 1965 , Ledoux & Renson 1966 , Sood & Trehan 1970 , Goossens 1972 , Goossens, Smeyers & Denis 1976 . In the context of the neutron star astrophysics the effects of such or similar configuration of internal magnetic field on both equilibrium shape and vibrational behavior of pulsars and magnetars are considered in works (Roberts 1981 , Ioka 2001 , Braithwaite & Spruit 2006 , Geppert & Rheinhardt 2006 , Haskell et al 2008 , Broderick & Narayan 2008 , Lee 2008 .
In this work we investigate a non-studied before regime of Lorentz-force-driven global nodeless torsional vibrations of the neutron star model with this Ferrraro's form of frozen nonhomogeneous poloidal magnetic field and compare the computed frequency spectra with the above frequency spectrum (6) early obtained in similar fashion within the framework of fiducial for pulsar astrophysics model of homogeneous neutron star with uniform internal and dipolar external magnetic field. In Section 2, a brief outline is given of the energy variational method lying at the bases of our computation of spectral equation for frequencies of nodeless seismic vibrations. In Section 3, the obtained spectral formula is analyzed numerically in juxtaposition with data on above QPOs during the flare of SGR 1806-20 and SGR 1900+14. Section 4 briefly accounts for the net outcome of this work.
2. Global Alfvén torsional nodeless oscillations of neutron star in its own poloidal magnetic field of Ferraro's form
The adopted here mathematical treatment of global Alfvén (substantially non-compressional) seismic vibrations of a neutron star under the action of Lorentz magnetic force is build on the basis of equation (2) written the following equivalent tensor form
where δM ik stands for the Maxwell's tensor of fluctuating magnetic field stresses. The energy balance in the process of vibrations is controlled by equation
which is obtained after scalar multiplication of (11) byu i and integration over the star volume. The key idea is to represent fluctuating variables, namely, the material displacements u i (r, t) and shear strains u ik (r, t) in the following separable form
Then, the magnetic flux density δB i (r, t) and tensor of fluctuating magnetic field stresses δM ik (r, t) are represented in a similar manner
. (15) On substituting (13)- (15) in (11) this latter equation is reduced to equation for timedependent amplitude α(t) having the well-familiar form of equation of normal vibrations
Thus, technically, the computation of frequency ω = [K/M] 1/2 is reduced to calculation of integral parameters of inertia M and stiffness K m with the nodeless toroidal field of instantaneous, time-independent, displacements whose spherical components are given by (Bastrukov et al 2007b) 
Fig .2 illustrates the nodeless character of displacements in the star undergoing global non-radial differentially rotational, torsional, shear vibrations about polar axis in quadrupole (upper part) and octupole (lower part) overtones. The spherical components of Ferraro's field whose axis coincides with polar axis read
The integral parameter of inertia M as a function of multipole degree ℓ is given by (Bastrukov et al, 2007 (Bastrukov et al, , 2008 )
To avoid destructing attention from basic inferences of this work, heavily relying on tedious computation of integral for K m which is placed in Appendix A, we present here the resultant expression for this coefficient One sees that the lowest overtone of this toroidal Alfvén mode is of quadrupole degree, ℓ = 2. At ℓ = 1, the parameter of magneto-mechanical rigidity of neutron star matter cancels, K m ( 0 a t 1 ) = 0, and the mass parameter equals to the moment of inertia of rigid sphere, M( 0 a t 1 ) = J = (2/5)MR 2 . It follows from Hamiltonian of normal vibrations, H = (1/2)Mα 2 + (1/2)Kα 2 , that in this dipole case a star sets in rigid-body rotation, rather than vibrations, about axis of its dipole magnetic moment. Similar features of global torsional vibrations exhibits the neutron star model with homogeneous internal magnetic field (Bastrukov et al 2008) . As a result, for the frequency spectrum of global nodeless torsional Alfvén vibrations nodeless of the neutron star with Ferraro's form of nonhomogeneous internal magnetic field we obtain
One sees that this spectrum has fairly involved dependence on multipole degree ℓ highly different form the frequency spectrum of this vibrational mode in the neutron star with homogeneous magnetic field given by equation (6). The difference is illustrated in Fig 3. , in which we plot the frequency ν( 0 a t ℓ ) and period
of the Alfvén toroidal mode under consideration in both homogeneous and nonhomogeneous neutron star models with indicated parameters. In our previous study (Bastrukov et al 2009a (Bastrukov et al , 2009b , we have pointed out that the one-parametric spectral formula (6) computed in the neutron star model with homogeneous internal and dipolar external magnetic field does not reproduce general trends in data on QPOs frequencies whose numerical values for SGR 1806-20 are given by ν data =18, 26, 30, 92, 150, 625, 1840 and for SGR 1900+14 these are ν data =28, 54, 84, 155 (Watts and Strohmayer 2007) . It is tempting, therefore, to approach to these data with the one-parametric spectral formula (22) for the frequency of 0 a t ℓ mode computed in the neutron star model with nonhomogeneous internal magnetic field of Ferraro's form.
The obtained on the basis of this spectral formula ℓ-pole modal identification of the detected QPOs frequencies is presented in Fig.4 and Fig.5 with indicted values of the only one parameter ν A . More specifically, for SGR 1900+14 we obtain: ν( 0 a considered seismic vibrations, it is clearly that the model adequately reproduce the overall trends in the detected QPOs frequencies and, thus, provide fairly reasonable asteroseismic explanation of QPOs as global nodeless torsional vibrations with ℓ ≥ 2.
Concluding remarks
Any attempt to predict the behavior of Alfvén vibrational modes inside pulsars and magnetar, in the models presuming that the neutron star matter possesses properties of perfectly conducting and elastically deformable continuous medium, is beset with uncertainties regarding configuration of fossil internal magnetic field frozen in the star on the stage of collapse of its massive progenitor. It seems thereby that progress can best be made by considering, in the first instance, these modes within the framework of well-studied models of internal magnetic field. Among these, particular place take the star models with homogenous field and nonhomogeneous poloidal field considered long ago in widely-known today works of Chandrasekhar and Fermi (1953) and Ferraro (1954) , respectively, in which it has been shown for the first time that axisymmetric magnetic field in the star has the same effect as rotation, that is, tends to produce a flattening of the magnetic poles of the star.
Following this line of argument and based on equations of magneto-solid-mechanics appropriate for perfectly conducting elastic medium pervaded by frozen-in fossil magnetic field we have computed frequency spectrum of toroidal Alfvén mode of global nodeless torsional oscillations of the neutron star model with nonhomogeneous poloidal magnetic field established by Ferraro (1954) . The spectral equation (22) is the basic finding of this work. Similar problem has been solved in our previous work (Bastrukov et al 2009a) , but for the neutron star model with frozen-in homogeneous internal and dipolar external magnetic field. The presented comparison of of these models shows how different configurations of internal magnetic field of neutron stars undergoing kinematically identical vibrations induced by quakes are manifested in the frequency spectra of these vibrations.
The practical usefulness of considered model has been demonstrated by application of obtained one-parametric spectral formula for the frequency of this toroidal Alfvén vibrational mode to ℓ-pole identification of frequencies of quasi-periodic oscillations detected in the Xray flux during the giant flare of SGR 1900+14, SGR 1806-20. The result of our analysis of these events, presented in Fig.4 and Fig.5 , shows that the model adequately reflects the overall trends in the detected QPOs frequencies and, thus, supporting theoretical interpretation of these QPOs, advanced in works reported this discovery (Israel et al 2005 , Watts & Strohmayer 2006 , as owing their origin to quake-induced torsional seismic vibrations of underlying magnetar. Together with this, in (Bastrukov et al 2009b) it has been shown that the same data on the QPO frequencies can be consistently interpreted as being produced by torsional nodeless Alfvén oscillations entrapped in the finite-depth crust of neutron star model with frozen-in homogeneous magnetic field. With all this, we conclude that decisive role in post-quake vibrational relaxation of above magnetars plays Lorentz force of magnetic field stresses and that the fields of material displacements in the star undergoing shear differentially rotational vibrations about axis of its dipole magnetic moment are of substantially nodeless character.
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A. Appendix. Torsional stiffness of Alfvén oscillations
In computing stiffness of torsional Alfvén oscillations
it is convenient to represent the components of tensor of shear deformation
in spherical polar coordinates with use of angle variable ζ = cos θ. The explicit form of these components reads
In torsional mode the field of instantaneous displacements has solely one non-zero φ − th component
so that components of the strain tensor in torsional mode are given by a rr = a θθ = a φφ = a rθ = 0,
For computational purpose the components of Ferraro's field can conveniently be represented in the form
At this point we remaind that integrand of K m reads
so that relevant to computation of K m components of tensor
given by
The integral for stiffness can be conveniently represented in the form
1 It is noteworthy that for the pure toroidal field, lying in the planes perpendicular to polar axis z, that is, having the only φ-component, B = (B r = 0, B θ = 0, B φ = 0), and this non-zero component such that B φ is symmetrical about polar axis, that is, independent of φ function, for instance like B φ = (B/R)r sin θ, all the spherical components of the vector
This means that the star with the internal toroidal field of this kind cannot support differentially rotational, torsional, vibrations under consideration.
Making use of the standard recurrence relation between Legendre polynomials (e.g. Abramowitz & Stegan 1964) we obtain
,
and for integrals with function f = (B/4R 2 )[r 2 (3r 2 − 5R
2 )] we obtain
The resultant expression for the stiffness can be conveniently represented in the form
1) 2 (4ℓ 2 − 1) (2ℓ + 3) (2ℓ + 5) 5ℓ 3 + 7ℓ 2 + 59ℓ + 84 .
B. Appendix. φ-dependent toroidal field of nodeless torsional displacement
The above expounded magneto-solid-mechanical variational method and the condition of axial symmetry of frozen-in fossil magnetic field and axisymmetric character of torsional vibrations of the spherical in shape neutron star model, immediately suggest that all computations of frequencies of vibrations of the nodeless differentially rotational field u(r, t) = [φ(r, t) × r], the about fixed polar axis z can be conveniently carried out in the spherical polar coordinate with use of the separable form of toroidal field of displacements u(r, t) = a(r) α(t) with the field of instantaneous displacements a which is independent of azimuthal angle φ in view of axial symmetry of the problem under consideration. This latter solenoidal field a(r, θ) = A ℓ ∇ × [rχ(r, θ)], ∇ · a(r, θ) = 0 is the fundamental solution of the vector Laplace equation ∇ 2 a(r) = 0 built on fundamental solution of the scalar Laplace equation ∇ 2 χ = 0, χ(r, θ) = r ℓ P ℓ (cos θ).
However if the equilibrium internal magnetic field has no axial symmetry, the scalar field defining differentially rotational displacements in toroidal Alfvén mode of material oscillations about polar axis should be taken in the form It can be verified by straightforward calculation of the stiffness K and the inertia M with such form of toroidal field of displacements a(r, θ, φ) that the ratio of these integral parameters, that is, the above derived spectral equation for the frequency, ω 2 = K/M, is not altered and this is, as was emphasized, due to the axial symmetry of the equilibrium poloidal magnetic field.
